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Abstract: The strong coupling of molecules with sur-
face plasmons results in hybrid states which are part
molecule, part surface-bound light. Since molecular
resonances may acquire the spatial coherence of plas-
mons, which have mm-scale propagation lengths, strong-
coupling with molecular resonances potentially enables
long-range molecular energy transfer. Gratings are often
used to couple incident light to surface plasmons, by
scattering the otherwise non-radiative surface plasmon
inside the light-line. We calculate the dispersion relation
for surface plasmons strongly coupled to molecular reso-
nances when grating scattering is involved. By treating the
molecules as independent oscillators rather than themore
typically considered single collective dipole, we find the
full multi-band dispersion relation. This approach offers a
naturalway to include the dark states in the dispersion.We
demonstrate that for amolecular resonance tunednear the
crossing point of forward and backward grating-scattered
plasmon modes, the interaction between plasmons and
molecules gives a five-band dispersion relation, including
a bright state not captured in calculations using a single
collectivedipole.Wealsoshowthat theroleof thegrating in
breaking the translational invarianceof thesystemappears
in theposition-dependent couplingbetween themolecules
and the surface plasmon. The presence of the grating is
thus not only important for the experimental observation
of molecule-surface-plasmon coupling, but also provides
an additional design parameter that tunes the system.
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1 Introduction
The strong coupling of molecules and light is a topic
of rapidly increasing interest, due to its potential appli-
cation in multiple fields including quantum computing,
photocatalysis and photovoltaics. Multiple recent reviews
and perspectives exist on this emerging topic, see for
example [1, 2]. An active area of research is the control
of molecules coupled to surface plasmons, where there is
an opportunity to control inter-molecular energy transfer
over length scales commensurate with the propagation
length of the surface plasmons; it is hoped that strong
coupling may extend the range of molecular energy
transfer from nanometres to millimetres. Strong coupling
between molecular resonances and surface plasmons is
a vacuum effect, so it is not necessary to inject light
into the system. However, surface plasmons are usually
non-radiative because they have more momentum along
the surface than a photon of the same frequency, and
thus lie outside the light-line. Momentummatching is thus
required to observe the effect of molecules on the surface
plasmons arising from strong coupling. The original but
still convenient and powerful approach is to introduce a
periodic modulation of the interface at which the surface
plasmons propagate [4, 5], an approach which is still very
topical [6–10].

Here, we make use of a microscopic quantum elec-
trodynamics (QED) model to analyse in detail the strong
coupling interaction between molecular resonances and
surface plasmons in the presence of a periodically modu-
lated (grating) surface. Throughout we use the full X + N
model, where X is the number of photonic modes and N
is the number of molecules. We first provide a reference
point by employing our approach to a more familiar
strong coupling system – molecules coupled to the cavity
mode of a planar optical microcavity. We then discuss
molecules coupled to a surface plasmon, then introduce
the grating. We find the (X + N) × (X + N) Hamiltonian
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and corresponding dispersion relation of each system,
and demonstrate that for molecules coupling to SPs on
a grating, the spatial distribution of the molecules relative
to the grating provides an additional control feature with
which to tune the system. We contrast our results to those
found by modelling the molecules via a single collective
dipolemode (i.e. aX + 1model) and rigorous coupledwave
analysis (RCWA), and demonstrate that the X + Nmodel is
necessary to capture the full character of the system.

2 Strong coupling of molecules to a
cavity mode

We set the scene with the familiar system of molecules
in a single-mode planar optical cavity. For simplicity, we
assume only a single molecular resonance (it could be
excitonic,vibronicetc.) that lieswithin the frequencyrange
of interest. The excitation of molecule i with transition
energyℏ𝜔mol canbedescribed in the low-excitation regime
(see Appendix A) by a Fock state |ni⟩, where ni = 0, 1. The
Fock state is operated on with the bosonic creation and
annihilation operators b†i , bi. Each molecular transition
dipole is given by,

𝝁i = Mib†i +M∗
i bi, (1)

where Mi = e0⟨e|di|g⟩ is the ith transition dipole matrix
element, di is the displacement vector of the ith dipole,
and b†i , bi act on the ith molecule.

The Hamiltonian of N uncoupled molecules (i.e.
assuming no interactions between molecules) is given by,

mol = ℏ𝜔mol

N∑
i=1

b†i bi. (2)

We consider the molecules to reside within a slab of
thickness d and area A, of dielectric constant 𝜀2, with
the ith molecule positioned at (xi, yi, zi). The molecules
are randomly spaced with density N∕V, where V = Ad.
We place the slab containing the molecules in a cavity
comprised of two mirrors (as illustrated in Figure 1(a)),
perpendicular to the z-axis. The cavitymodes are given by,

𝜔cav,p(k∥) =
c
n

√(
p𝜋
Lcav

)2
+ k2∥. (3)

We assume that 𝜔cav,p is real in this work for simplicity,
but could be made complex to include absorption in
the mirrors and leakage from the cavity. Assuming the
molecular material fully fills the cavity such that d = Lcav,
n = √

𝜖2.We assume the cavity thickness, Lcav, is such that

only the lowest-order mode can propagate and due to the
in-plane symmetry of the system we take k∥ = kx without
loss of generality, such that,

𝜔cav(kx) = 𝜔cav,1(kx) =
c
n

√(
𝜋

Lcav

)2
+ k2x. (4)

Considering a TE-polarised field, the cavity field is then
given by,

E(kx) = i
(
ℏ𝜔cav(kx)
2𝜖2𝜖0V

) 1
2

cos
(

𝜋z
Lcav

)
× ey

[
akxe

ikxx + a†kxe
−ikxx

]
, (5)

where a†kx , akx are the bosonic creation and annihilation
operators of the cavity field at momentum kx. V = ALcav
is the volume of the cavity of thickness Lcav and A is the
same area as that of the molecular slab. The form of the
electric field in Eq. (5) is composed of factors relating to:
the field strength, the spatial distribution, and the propa-
gation behaviour respectively. The kx-dependent Hamilto-
nian for the cavity mode is,

cav(kx) = ℏ𝜔cav(kx)a†kxakx . (6)

The total Hamiltonian for the cavity field could be foundby
summing over all values of kx. We are interested in the kx-
dependence of the system and the consequent dispersion
relation, and so for the rest of this work, we consider the
kx-th terms of the Hamiltonian. The molecular transition
dipoles interact with the cavity mode via the light–matter
interaction Hamiltonian, which – assuming the resonant
electric dipole approximation – is given by,

int(kx) = −
N∑
i=1

𝝁i ⋅ E(kx) (7)

= ℏ

N∑
i=1

[
gi(kx)b†i akx + g∗i (kx)bia

†
kx

]
, (8)

where we have neglected non-energy-conserving terms
(involving b†i a

†
kx
and biakx , note though that it would be

necessary to keep them if we want to explain higher-order
processes), and the interaction strength gi(kx) is given by,

gi(kx) = i
(
𝜔cav(kx)
2ℏ𝜖2𝜖0V

) 1
2

cos
(
𝜋zi
Lcav

)
eikxxiMi ⋅ ey. (9)

Herewehave assumed that thewavelength of light ismuch
larger than the spatial extent of an individual molecule,
and so for the ith term we can rewrite eikxx = eikx(x−xi)eikxxi ,
and for kx(x − xi) ≪ 1, eikx(x−xi) = 1+ ikx(x − xi)+ · · · ≈ 1,
and so eikxx ≈ eikxxi . Each molecule only sees the field
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Figure 1: Strong coupling of molecules to a planar cavity mode:
(a) Schematic showing a slab (of thickness d) of transition dipoles in
a cavity of thickness Lcav and (b) the dispersion relation of N C=O
units, with transition resonance ℏ𝜔mol = 0.215 eV, and a cavity
(Lcav = 2.26 μm), mode, with no molecule/cavity coupling. Light-line
in air given by red line, light-line in PMMA given by dotted black line.
(c) Zoom-in of overlap between modes without and (d) with strong
coupling. PMMA density N∕A = 1.58 × 104 nm−2, slab thickness
d = Lcav = 2.26 μm, dipoles aligned with electric field such that all
𝜗i = 𝜑i = 𝜋∕2.Δ is the magnitude of the gap at the resonant
frequency. The dark states can be seen as a dispersionless band of
frequency 𝜔mol. (e) Magnitude of the coupling constant for a
molecule at position zi = 0 and varying dipole alignment from along
the x axis (such that 𝜑 = 0, 𝜗 = 𝜋∕2) to along the y axis (such that
𝜑 = 𝜋∕2, 𝜗 = 𝜋∕2). (f) Varying the interaction strength by varying
PMMA density N∕A, we see that the size of the avoided crossing gap
is proportional to

√
N∕A.

at its position. By similar reasoning, cos(𝜋z∕Lcav) ≈
cos(𝜋zi∕Lcav). The interaction strength varies with the z
position, as has been demonstrated experimentally [11].
This in turn affects the final dispersion relation of the
system, while the x position of the molecules does not.

We may write the transition dipole matrix element as

Mi = |M|⎛⎜⎜⎝
cos𝜑i sin𝜗i
sin𝜑i sin𝜗i

cos𝜗i

⎞⎟⎟⎠, (10)

where we have assumed that all molecular dipoles have
the same magnitude but are independent in orientation.
The interaction strength is then,

gi(kx) = i
(
𝜔cav(kx)
2ℏ𝜖2𝜖0V

) 1
2

cos
(
𝜋zi
Lcav

)
× eikxxi |M| sin𝜑i sin𝜗i. (11)

The kx-dependent Hamiltonian of the system is given by

(kx) = cav(kx)+mol +int(kx) (12)

= ℏ𝜔cav(kx)a†kxakx + ℏ𝜔mol

N∑
i=1

b†i bi

+ ℏ

N∑
i=1

[
gi(kx)b†i akx + g∗i (kx)bia

†
kx

]
. (13)

It is possible to define a collective coupling strength for
N molecules, gN =

√∑
i|gi|2 ∝ √

N∕A [12], resulting in a
single term in the interaction Hamiltonian (+h.c.), and a
2 × 2 matrix for the total Hamiltonian. This is particularly
useful for large N, which is a sensible assumption in most
experimental situations. Representing the molecules as a
single effective dipole is an elegant way to study the two
polaritons expected in the system, however it misses out
the remaining molecular dark states. In a cavity system
this is not of great importance as the dark states are
typically not seen owing to the high impedance mismatch
that prevents much light entering the cavity around the
resonance frequency [13, 14]. This high impedance is in
turn due to the strong absorption associated with the
molecular resonance. However in plasmonic systems we
know from experiment [15, 16] that these modes are often
seen so that here we retain a full treatment of the N
individual molecular modes so as to accurately capture
the multi-band features of the resulting system. However,
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to avoid unduly long computation times associated with
diagonalising our X + N Hamiltonian we choose a value of
A such that we can obtain molecular densities commen-
surate with typical experimental results. While N should
be small enough to give a short calculation time, it must
also be large enough to yield the expected bulk response,
which is particularly important if the molecules are taken
to have random spatial distribution. N should be larger
than the number of distinct bands in the system, and
values of N ≈ 100 qualitatively gives the bulk result, given
randomly distributedmolecules. Larger values ofN can be
taken to fully converge to the bulk system. We can write
the Hamiltonian in matrix form as,

(kx) = ℏ
(
a†kx , b

†
1 , b

†
2 ,… b†N

)
H(kx)

⎛⎜⎜⎜⎜⎜⎜⎝

akx
b1
b2
...
bN

⎞⎟⎟⎟⎟⎟⎟⎠
, (14)

where H(kx) is a (1+ N) × (1+ N) matrix,

H(kx) =

⎛⎜⎜⎜⎜⎜⎜⎝

𝜔cav(kx) g1(kx) g2(kx) … gN(kx)
g∗1 (kx) 𝜔mol 0 … 0
g∗2 (kx) 0 𝜔mol … 0
...

...
... ⋱

...
g∗N(kx) 0 0 … 𝜔mol

⎞⎟⎟⎟⎟⎟⎟⎠
. (15)

We now study a particular molecule-cavity system
in order to discuss the dispersion relation. We choose to
study the stretching vibration of the C=O bond of PMMA
(polymethyl methacrylate, commonly known as acrylic).
The transition matrix dipole moment is oriented along
the bond, and the resonance of this excitation occurs at
ℏ𝜔mol = 0.215 eV. The bulk dielectric constant of PMMA
is taken to be 𝜖2 = 1.99. We choose a cavity thickness of
Lcav = 2.26μmsuch that thecavitymodeand themolecular
resonance cross as shown in Figure 1(b), with the cavity
dispersion relation shown in green, and the molecular
resonance in black. The dotted black line is the light-line
in PMMA, and the solid red line is the light-line in air. The
approximate value of the C = 0 dipole moment is given
by |M| = 8.0 × 10−31 cm, found by fitting to experimental
data for PMMA in a cavity [15]. This extracted value of the
dipole moment will then be used in the next sections, in
which PMMA is placed in other photonic environments -
namely on metallic slabs and gratings. As the density of
PMMA is 𝜌 = 1.18 g∕cm3, N∕V = 7∕nm3 and for a slab
which fills the cavity such that d = 2.26 μm, we thus set
N∕A = 1.58 × 104∕nm2.

Diagonalising H(kx), we find the dispersion relation
of the coupled system. Figure 1(c) shows the relevant

section of the uncoupled dispersion relation. Figure 1(d)
gives the dispersion relation for the maximal interaction
strength where all transition dipoles are oriented in the
y direction, such that 𝜑i = 𝜗i = 𝜋∕2. We see an avoided
crossing at the resonance frequency, with the gap between
the upper and lower hybrid modesΔ = 2ℏ

√∑
i|gi(kx,Δ)|2,

wheregi(kx,Δ) is the interaction strengthof the ithmolecule
at the crossing point of the two dispersion relations. The
polariton modes demonstrate a mixing of photonic and
molecular character, as shown by their colour projection
(where green gives the projection of the hybrid state
onto the unperturbed cavity mode and black gives the
projection onto the molecular mode). In total, there are
three distinct modes – two polariton modes and N − 1
degenerate molecular modes; modes that have not taken
on any photonic properties. The interaction strength of
each molecule can be tuned through the orientation of its
transition dipole, with the maximal value for orientation
along the y axis, and complete decoupling when oriented
along the x-axis, i.e. when 𝜑i = 𝜗i = 0, as illustrated in
Figure 1(e) for a molecule with z = 0. Figure 1(e) also
highlights the kx dependence of the interaction strength.
kx enters the interaction strength via both thefield strength
(as mode frequency is kx-dependent), and also through a
phase term. Inpractice, thisdependence isoftenneglected,
particularly in systems with losses, as it is the relative
strengths of terms in the Hamiltonianwhichwill dominate
the characteristics of the system. In Figure 1(f), we plot Δ
against

√
N∕A for fixed d = 2.26 μm, from which we see

the dependence of the gap on the density of molecules.
Having established our approach in the context of

strong coupling for molecules within a planar cavity,
in Section 3, we look at molecules coupling to surface
plasmons at a dielectric/metal interface. With their near-
surface confinement, and their long propagation lengths,
plasmons present additional features to those found in
cavitymodeswhichcouldbehighlyusefulwhen integrated
into polaritonic systems with molecules. Once we have
established the situation for the planar systemwewill then
add the final ingredient, the grating, in Section 4.

3 Strong coupling of molecules to a
surface plasmon

Surface plasmons (SPs)1 are highly confined electro-
magnetic modes which propagate at dielectric/metal

1 Strictly they are surface plasmon-polaritons [17].
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interfaces. It is the negative permittivity of the metal (the
conduction electrons in themetal behave as a plasma, and
have an associated plasma frequency, 𝜔0) that enables
this behaviour. For an SP launched in the x direction on a
metallic slab (see Figure 2(a)), the SP dispersion is given
by [18, 19],

kx(𝜔SP) =
𝜔SP
c

√
𝜖1(𝜔SP)𝜖2

𝜖1(𝜔SP)+ 𝜖2
, (16)

where 𝜖2 is the background dielectric constant and we
model the dielectric function of the metallic slab with a
simple Drude–Lorentz model,

𝜖1(𝜔) = 1− 𝜔2
0

𝜔2 + i𝛾𝜔, (17)

where for gold, the plasma frequency 𝜔0 = 1.29 × 1016
rad s−1 and damping is given by 𝛾 = 7.3 × 1013 rad s−1.
We assume a slab of thickness d contains the molecules
with densityN∕V, whereV = ALz and Lz is the penetration
depth of the plasmonic electric field into the dielectric,
which is of order the wavelength of light in the dielectric,
and for PMMA we take to be Lz ∼ 2.9 μm. Figure 2(b)
gives the dispersion relation of the SP (green solid line)
and the molecular resonance of PMMA (black solid line),
as used in the previous section. It is important to note
that the SP mode, and thus the crossover of the SP and
molecular modes, occur beyond the light-line in air (red
line) 𝜔 = c|k|. The momentum mismatch between the SP
and incoming light means that while strong coupling may
occur in this system (as an excited SP is not necessary for
strong coupling to take place) it cannot be experimentally
observed without using one of a variety of experimental
tricks to overcome this momentum mismatch. This will be
discussed further in the next section.

As only p-polarised light may excite an SP mode, and
constrained by the boundary conditions at the interface,
the electric field of the SP for z > 0 is

E(kx) = i
(
ℏ𝜔SP(kx)
2𝜖0𝜖2V

) 1
2

e−z∕2Lz

×

⎡⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝

1
0

i
√

𝜖1(𝜔SP)
𝜖2

⎞⎟⎟⎟⎟⎠
ckxe

ikxx +

⎛⎜⎜⎜⎜⎝
1
0

−i
√

𝜖1(𝜔SP)
𝜖2

⎞⎟⎟⎟⎟⎠
c†kxe

−ikxx

⎤⎥⎥⎥⎥⎦
,

(18)

where we have used the fact that kz is purely imaginary
and ∼ 1∕2Lz, where Lz is the penetration depth of the
electric field into the dielectric. We consider a sample with

(a)

(b) (c)

(d)

Figure 2: Strong coupling of molecules to a surface plasmon: (a)
Schematic showing transition dipoles in a slab of thickness d on a
metal plate which we consider to have infinite thickness. An SP can
propagate at the metal/dielectric interface. (b) The dispersion
relations of an SP at a gold/PMMA interface and N uncoupled C=O
units. The red line gives the light-line in air, and the dotted line
gives the light-line in PMMA. (c) Zoom-in of the region where the
dispersion relations overlap, and (d) the dispersion relation with
strong coupling. N∕A = 70 nm−2, d = 2 μm.

dimensions smaller than the propagation length of the SPs
in order to neglect the decaying amplitude of the SP in the
direction of propagation. c†kx and ckx are the creation and
annihilation operators of the plasmon field at momentum
kx. The Hamiltonian matrix is given by

H(kx) =

⎛⎜⎜⎜⎜⎜⎜⎝

𝜔SP(kx) g1(kx) g2(kx) … gN(kx)
g∗1 (kx) 𝜔mol 0 … 0
g∗2 (kx) 0 𝜔mol … 0
...

...
... ⋱

...
g∗N(kx) 0 0 … 𝜔mol

⎞⎟⎟⎟⎟⎟⎟⎠
, (19)

where the coupling constants are now of the form

gi(kx) = i
(
𝜔SP(kx)
2ℏ𝜖0𝜖2V

) 1
2

eikxxi−zi∕2Lz

× |M|[cos𝜑i sin𝜗i + i
√

𝜖1(𝜔SP)
𝜖2

cos𝜗i

]
. (20)
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Diagonalising thisHamiltonian,wefindthedispersion
relation. As for the planar cavity above, we assume a
molecular orientation aligned with the maximal direction
of the electric field. The uncoupled system is given in
Figure 2(b). Thesectionof theplotof interest is expanded in
Figure 2(c). When coupling is added, we have Figure 2(d).
As for the case of the cavity, we begin with one photonic
mode andN molecular modes, and the result is two hybrid
modes and N − 1 unperturbed molecular modes. As in the
previous case, the spatial distribution of the molecules in
the z direction causes a reduction in the collective coupling
strength. Spatialdistribution in thexdirectionhasnoeffect
on the dispersion relation.

As the strong coupling described in this section occurs
beyond the light line, it cannot be experimentally probed
without the introduction of a tool such as a prism or
grating. The addition of a grating is expected to alter the
molecule–light interaction. This is what we explore in the
next section, which encompasses the main results of this
work.

4 Strong coupling of molecules to a
surface plasmon on a grating

The introduction of a grating to the system perturbs the
plasmondispersion relation inside the light-line. This adds
some subtleties to the theoretical model, which we now
discuss.

A periodic structure at the dielectric/metal interface
on the order of the photonic wavelength (such as the
grating with periodicity in the x direction illustrated in
Figure 3(a)) allows for the coherent superposition of trans-
mittedand reflected light in the structure. Throughadditive
interference, the modes which survive the grating are
those which have an in-plane momentum corresponding
to kx → kx ± a2𝜋∕Λ, where Λ is the period of the grating,
anda = 0, 1, 2,…TheSPdispersionnowpresentsmultiple
branches, parts of whichwill nowhave been shifted inside
the light line. In Figure 3(b) we illustrate the zero-order (0)
and first-order (±1) grating-scattered branches of an SP in
thepresenceof agratingwithperiodΛ = 4.0μm.Theclose
proximity of these SP branches to themolecular resonance
𝜔mol (see Figure 3(c(i)) for the relevant zoomed-in section
of the dispersion plot) nowoccurs inside the light-line. The
dispersion relation of each new branch is given by,

kx = ±q+ 𝜔SP
c

√
𝜖1(𝜔SP)𝜖2

𝜖1(𝜔SP)+ 𝜖2
, (21)

where we have defined q = 2𝜋∕Λ. We label the two
solutions of 𝜔SP corresponding to a = ±1 as 𝜔∓. This
labelling convention is chosen so that 𝜔+(kx) > 𝜔−(kx)
for kx > 0. Coherent superpositions of the (±1) scattered
SPs may take different spatial positions with relation to
the peaks and troughs of the grating [20], resulting in a
photonic band gap opening at the resonance frequency,
such that the plasmon Hamiltonian now reads,

plas(kx) = ℏ𝜔+(kx)c†+,kxc+,kx + ℏ𝜔−(kx)c†−,kxc−,kx

+ ℏD
[
c†+,kxc−,kx + c†−,kxc+,kx

]
. (22)

Each superposition of plasmon modes moves an energy
ℏD(kx) away from the unperturbed frequency, where the
analytical expression for D(kx) is given by [20],

D(kx) =
c
2

[√
k20(1− 2s2)+ 2q2s(1− 3s2)𝜖−1

−
√
k20(1− 2s2)− 2q2s(1− 3s2)𝜖−1

]
. (23)

where s = qh, 𝜖 = √−𝜖1𝜖2 and k0 = 𝜔0∕c. This results in
a total energy gap of 2ℏD(kx). For a grating with period
Λ = 4.0 μm and h = 0.1 μm, Eq. (23) gives ℏD(kx) ≈
1.2 meV at kx = 0. This small splitting can be seen in
Figure 3(c(ii)), in which plasmon–plasmon interactions
are considered but the molecules are, for now, considered
uncoupled.

The presence of the grating enforces a periodic bound-
ary condition on the electric field of the SP, such that the
plane wave expansions of the first-order (a = ±1) grating-
scatteredbranchesareof themodified formeikxx → ei(kx±q)x,
such that (for z > 0)

E±(kx) = i
(
ℏ𝜔±(kx)
2𝜖0𝜖2V

) 1
2

e−z∕2Lz

×
⎡⎢⎢⎢⎣
⎛⎜⎜⎜⎝

1
0

i
√
𝜖1(𝜔±)∕𝜖2

⎞⎟⎟⎟⎠c±e
i(kx∓q)x

−
⎛⎜⎜⎜⎝

1
0

−i
√
𝜖1(𝜔±)∕𝜖2

⎞⎟⎟⎟⎠c
†
±e

−i((kx∓q)x)
⎤⎥⎥⎥⎦, (24)

where c†±,kx , c±,kx are the bosonic creation and annihilation
operators for the 𝜔+(kx) and 𝜔−(kx) SPs, respectively. The
interaction Hamiltonian of the coupled system is given by,

int(kx) = −
N∑
i=1

𝝁i ⋅
[
E+(kx)+ E−(kx)

]
(25)
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= ℏ

N∑
i=1

[
g+i (kx)b

†
i c+,kx +

(
g+i

)∗(kx)bic†+,kx
+ g−i (kx)b

†
i c−,kx +

(
g−i

)∗(kx)bic†−,kx], (26)

where the grating-modified interaction strengths are given
by,

g±i (kx) = i
(

𝜔±(kx)
2ℏ𝜖0𝜖2V

) 1
2

ei(kx∓q)xi−zi∕2Lz |M|
×

⎡⎢⎢⎣cos𝜑i sin𝜗i + i
√

𝜖1(𝜔±)
𝜖2

cos𝜗i
⎤⎥⎥⎦. (27)

The Hamiltonian can be written in (2+ N) × (2+ N)
matrix form,

H(kx) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜔+(kx) D(kx) g+1 (kx) g+2 (kx) … g+N (kx)
D∗(kx) 𝜔−(kx) g−1 (kx) g−2 (kx) … g−N (kx)(
g+1

)∗(kx) (
g−1

)∗(kx) 𝜔mol 0 … 0(
g+2

)∗(kx) (
g−2

)∗(kx) 0 𝜔mol … 0
...

...
...

... ⋱
...(

g+N
)∗(kx) (

g−N
)∗(kx) 0 0 … 𝜔mol

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (28)

Repeating the same procedure of the previous
sections, we find the dispersion relation by diagonalising
the Hamiltonian for an explicit example. We use a slab
of PMMA of thickness d = 0.9 μm and N∕A = 70 nm−2

on a gold grating. We consider a sample with dimensions
smaller than the propagation length of the SPs so as to
neglect the decaying amplitude of the SP. However, unlike
the previous system of a planar metal surface, the grating
has now introduced an additional length scale.We assume
that the spatial distribution of the molecules in the x
direction is random, and equally distributed in positions
that sample the full grating period. We will return to this
point later. Due to the complexity of multiple interactions
affecting the dispersion relation, we describe the effects of
interactions in the systemby “turning on” each interaction
one-by-one, illustrated in Figure 3(c(i–viii)). Figure 3(c(i))
shows the magnified section of the dispersion relation
where the two plasmons are close to the molecular
resonance, unaffected by interactions. In Figure 3(c(ii)),
we include the SP–SP coupling parameterised by D ≠ 0,
in which we see a band gap opening at the crossing point,
and a slight mixing of the two modes. In Figure 3(c(iii)),
we turn on the coupling of the molecules to the upper SP
mode, g+ ≠ 0. We can see the lifting of degeneracy of the
molecular modes as one band is pushed away from the
upper polariton mode, below the molecular resonance,
with slight mixing of characteristics of the two modes. In
Figure 3(c(iv)) we see that when g− ≠ 0, the degeneracy
of the molecular modes is again lifted and a new band
is pushed away from the lower polariton, above the
molecular resonance. The mixing in this situation is more
significant than forwhen g+ ≠ 0, due to the direct crossing

of the lowerpolaritonwith themolecular resonance. Figure
3(c(v–vii)) show intermediate systems when two of the
couplings are turned on together. When the molecules are
coupled to only one polariton branch we see four bands,
but when both polaritons are coupled (g+, g− ≠ 0) we see
five distinguishable bands, as in Figure 3(c(v)). These are
comprised of four bright bands and N − 2 dark molecular
bands. Figure 3(c(viii)) shows the final dispersion relation
for D, g+, g− ≠ 0, which is very similar to Figure 3(c(v)),
with the inclusion of the slightly splitting and mixing of
the two plasmon bands at their point of intersection. This
model agrees with experimental results [16].

To see the five-band dispersion relation, the molec-
ular distribution and SPs must extend across the full
grating profile. The spatial position of each molecule can
be defined as xi = aiΛ+ biS, where ai = 0, 1, 2…, 0 ≤ bi
≤ 1, and 0 ≤ S ≤ Λ. S parameterises how molecules are
localised in each grating period. For S = Λ the molecules
are found everywhere, while for S→ 0 the molecules are
concentrated in a small fraction of each grating period
(Figure 4(a)). In Figure 4, we show that if the molecules
occupya fractionof the gratingperiod Smuch smaller than
oneperiodof thegrating, twoof thebands in thedispersion
relation become degenerate and we observe only four
distinct bands as seen in Figure 4(b) for S = 0. When
the spatial distribution of molecules extends through the
full grating profile, the breaking of finite translational
invariance xi → xi +Λ results in the onset of a fifth distinct
band in the dispersion relation as seen in Figure 4(c)
for S = Λ. In Figure 4(d), we plot the eigenvalues of the
system Hamiltonian at kx = 0.1 μm for 0 ≤ S ≤ Λ. We can
see that as S→ 0, the N − 4 dark resonances and the
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(a) (b)

(c i) (c ii) (c iii) (c iv)

(c v) (c vi) (c vii) (c viii)

Figure 3: Strong coupling of molecules to a surface plasmon on a grating: (a) Schematic showing a slab of thickness d containing N
randomly oriented and distributed dipoles, on a metal grating on which an SP can propagate. (b) The dispersion relation of the uncoupled
0,±1 plasmon modes on a grating of periodΛ = 4.0 μm, and N degenerate molecular resonances. The air light-line is given in red. We take
d = 0.9 μm. (c (i)) Zoom-in of the relevant part of the uncoupled dispersion relation, and (c (ii–viii)) the contribution of each coupling
individually and in combination, ending with the complete five-band dispersion relation in (c (viii)).

lower polariton closest to the molecular resonance reduce
to N − 3 dispersionless molecular modes. The molecules
must extend across approximately half of the grating
profile (S ≈ 0.4Λ) to recover the approximate eigenvalues
for the system of homogeneously distributed molecules
on a grating. The variation in band positions as S is
varied suggests that there are optimal ways in which one
can choose the spatial distribution of the molecules with
respect to the grating profile, in order to tune the band
separation [20]. For systems in which the grating period is
not fully populated with molecules, the relative position
of the molecules with respect to the grating period will

also modify the dispersion relation (see Appendix B),
as the local electric field experienced by each molecule
will depend on its position. For example, the collective
coupling strength for a systemwith all molecules in a field
maximum will be much greater than that of a system in
which all molecules are in a field minimum.

Thefinal point of this paper is to compare the results of
aX + Nmodel inwhichX photonicmodesandNmolecular
resonances are individually included in the Hamiltonian,
versus the results of a X + 1 model in which the molecules
are treated via their collective behaviour as the collective
coupling strength gN =

√∑
i|gi|2 ∝ √

N∕A. This model
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(a)

(b)

(d)

(c)

Figure 4: Dependency of bands on molecular spatial distribution:
(a) Molecular distribution with S = 0,Λ) compared to a grating with
periodΛ. (b) Dispersion relation with S = 0, displaying four bands,
and the crossing of a polariton mode and the dark molecular modes.
(c) Dispersion relation with S = Λ, displaying five bands and no
band crossings. (d) Eigenvalues at kx = 0.1 μm for varying S. For
S > 0 the crossing point of the middle polariton mode and dark
molecular resonances becomes an avoided crossing, resulting in a
further splitting and an additional mixed (but predominantly
molecule-like) mode, and so the four bands split into five bands.

usually captures the bright modes of the system, allowing
one to calculate important properties of the system such as
the Rabi frequency. We compare both models to rigorous
coupled wave analysis (RCWA [21]). For the RCWA, we
model PMMA using a bulk dielectric function

𝜖PMMA = 𝜖2 +
A𝜔2

0
𝜔2 −𝜔2

0 + i𝛾𝜔, (29)

where 𝜖2 = 1.99, 𝜔0 = 3.28 × 1014 rad s−1, 𝛾 = 2, 45 × 1012
rad s−1 andA = 0.0165 [22]. The simulationwas performed

with a half number of harmonicwaves of 60. In Figure 5(a),
we repeat the calculated dispersion relations for the
three systems discussed in this work – Figure 5(a(i))
molecules strongly coupled to the mode of a planar
cavity, Figure 5(a(ii)) molecules strongly coupled to a
plasmon at a dielectric/metal interface and Figure 5(a(iii))
molecules strongly coupled to forward and backwards
scattered plasmons on a grating, using the same system
parameters as the previous sections. In Figure 5(b(i–iii)),
we model the same systems but the N molecular modes
are treated here via their collective mode. In the case of
the cavity Figure 5(b(i)), the qualitative behaviour of the
polariton modes is the same as for the X + N model, but
the dark modes are absent. In the case of the plasmon
on a slab Figure 5(b(ii)), the 1+ 1 model gives the correct
quantitative description of the bright states, but again the
dark states are not captured. In the case of the grating
system Figure 5(b(iii)), using a 2+ 1 model, three of the
bright bands are captured well although with slightly
different band gap values. The dark molecular resonance
is not seen, and neither is the nearly-molecule-like bright
band below the dark molecular resonance. The full basis
of states – using all states in the single particle basis
as described in this work, or using a basis of collective
states including both bright and dark modes – is required
to capture the behaviour of molecules interacting with
plasmonic modes on a grating, and will likewise also be
necessary for other systems with additional features such
as defects or other properties which break translational
symmetry of the system. Figure 5(c(i–iii)) gives the results
of RCWAsimulations of the three systems. For Figure 5(c(i))
the cavity, we model the system as two gold mirrors of
thickness 0.01 μm, fully filled with a slab of PMMA of
thickness 2.26 μm.We see that reflectivity calculated using
RCWA reproduces the bright modes of the cavity. The
molecular dark states are not seen in the simulation due
to high impedance mismatch that prevents much light
entering the cavity around the resonance frequency. The
X + 1 model is thus a good description of what is seen
in cavity experiments. For Figure 5(c(ii)) the slab system,
we model the 2.0 μm slab of PMMA on top of a 0.1 μm
slab of gold, sitting on a substrate of CaF2 of thickness
30 μm. We have plotted the imaginary component of the
reflection in order to observe physics below the light line.
The dark states can clearly be seen in the dispersion
relation, and so the X + N model gives a more complete
description of the system. In Figure 5(c(iii)), we plot the
RCWAsimulateddispersion relation for thegrating system.
We have modelled the gold grating as a slab of thickness
0.2 μm, and matter is removed to a depth of 0.1 μm with
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(a i) (b i) (c i)

(a ii) (b ii) (c ii)

(a iii) (b iii) (c iii)

Figure 5: Comparing X + N versus X + 1 model: (a) Dispersion relation for Nmolecules strongly coupled to (i) the mode of a planar optical
cavity, (ii) an SP at a gold/air interface and (iii) backwards and forwards travelling SPs on a grating. All dispersion relations calculated using
a X + Nmode. (b) The same dispersion relations calculated using the equivalent X + 1 models. (c) The same systems simulated using RCWA.
The grating in (c (iii)) has a period of 4.7 μm as outlined in the text.

periodicity 4.7 μm, and slots of width 1 μm. The gold sits in
a substrate of CaF2 of depth 30 μm, and the PMMA on top
of the grating has thickness 0.9μm. TheX + Nmodel gives
good agreement, although the analytical result found for
gratingperiodΛ = 4.0μmbestfits to thecalculated system
with grating period ofΛ = 4.7 μm, owing to the simplified
description of the grating used in the analytical model.

To see clearly what is happening in this system, we
have assumed SPs exist only on one side of the grating.
However, for a sufficiently thin metal film, we would
expect coupled SPs on both the top and bottom of the
grating, resulting in a more complex dispersion diagram
and optical spectra of the system. We would expect to see
additional plasmonic modes in the dispersion relation,
which would couple to the molecular mode and result in

an increase in the total number of polariton modes. This,
as well as additional interesting and important features
such as non-zero linewidths, molecular interactions and
inhomogeneous broadening could all be added to the
simple model, we have presented here. While molecu-
lar interactions would not be expected to significantly
modify the dispersion relation, very strong dipole–dipole
interactions would result in a lifting of degeneracy of the
molecular band [23]. Similarly, non-zero linewidths would
cause a broadening of the bands, as seen in the RCWA
results of Figure 5(c). It has already been demonstrated
that in cavity systems with inhomogeneous broadening,
contributions to the Rabi splitting come from all molecular
states and not only those at perfect resonance with the
cavity mode. We expect that this will also be the case in
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the current system. While inhomogeneous broadening is
not expected to change behaviour in the coupled system,
such as peak separation, the measured linewidths in
absorption, reflectionand transmissiondatamayvary, and
can be less than that for homogeneous broadening [14, 24]
due to effects such as motional narrowing. As the current
model includes the contributions from all molecules sepa-
rately, these effects arising from inhomogeneities could be
studied straight-forwardly in systems with more than one
photonic mode.

The grating in this work has been treated as a simple
periodic boundary condition on the plasmon electric field.
While this approach gives good agreement with numerical
simulations, the specific form of the grating profile will
have an effect on plasmon-molecule coupling and should
eventually be taken into account. The tuning of the electric
near-fieldprofilewill provideanadditional tool for control-
ling plasmon–molecule interactions. The work presented
in this paper uses a (X + N) × (X + N) representation of
the Hamiltonian matrix. For large values of the molecular
dipole moment (equivalently the oscillator strength in a
macroscopic model) or particularly large mode volumes,
the system moves into the intermediate strong coupling
regime, and a (2XN) × (2XN) model2 is required to accu-
rately reproduce thedispersion relation [25, 26]. Thiswould
be a straightforward extension of the current work using
the same coupling coefficients described in this paper.

5 Conclusions
In this work, we have developed the theoretical model
of molecules interacting with surface plasmons in the
presence of a grating. The main result of this work is the
(2+ N) × (2+ N) Hamiltonian 29 of the system, with
spatial- and grating-dependence, which when diago-
nalised gives a five-band dispersion relation. Of these five
distinguishable bands, four bands are bright states and
N − 2 are dark, collective molecular states. For a single
electromagnetic mode coupled to molecules, we expect to
see three distinct bands. For two electromagnetic modes
coupling to molecules, we expect to see four distinct
bands, and the breaking of translational invariance with
the addition of a grating adds a fifth band. While it
is already known that changing the grating period will
change thedispersionrelationof thesystem,bycalculating

2 The two models are usually referred to as N + 1 versus 2N, where
N is the number of photonic modes, coupled to a single molecular
mode. The currentworkuses different notation, i.e.X photonicmodes
and N molecular modes.

the Hamiltonian of the system from a first principles
approach using the full 2+ N system, we can calculate the
full (2+ N)-band dispersion relation and also demonstrate
the importance of the spatial distribution of themolecules.
We show that an X + 1 model does not qualitatively or
quantitatively describe the features of this system, as
compared to RCWA simulations, as the full basis of states
is required. With ever improving techniques to control the
orientation and placement of molecules on surface, the
spatial distribution of the molecules may be an additional
tool in engineering the bands of molecule-light hybrid
systems.
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Appendix A: Low-excitation
approximation
The excitation of a molecule (either excitonic or vibronic)
can be described as a two level system with energy levels|g⟩ and |e⟩, given in vector form as
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http://www.photmat.eu


3706 | M. S. Rider et al.: Theory of SC between molecules and SPs on a grating

|g⟩ = (
0
1

)
, |e⟩ = (

1
0

)
. (A1)

The transition energy is given by ℏ𝜔mol = Ee − Eg. The
transition dipole moment can be expanded in terms
of raising and lowering operators such that the dipole
operator of the ith molecule is given by

𝝁i = Mi𝝈
+
i +M∗

i 𝝈
−
i (A2)

whereMi = e0⟨e|di|g⟩ is the ith dipole matrix element, di
is the displacement vector of the ith dipole, and the raising
and lowering operators

𝝈
+
i =

(
0 1
0 0

)
, 𝝈

−
i =

(
0 0
1 0

)
(A3)

act on the ith molecule. By performing a Holstein–
Primakoff transformation, we may replace the fermionic
raising and lowering operators, 𝜎+

i and 𝜎−
i , with bosonic

operators, b†i and bi, which act on the Fock state for
the excitation of the ith molecular as |ni⟩. We restrict
ourselves to the low-excitation regime, such that ni = 0, 1.
The molecular dipole is now written as

𝝁i = Mib†i +M∗
i bi. (A4)

Appendix B: Changing the
positions of molecules in a partially
filled system
Molecules in a partially filled system can be arranged in
multiple ways. We provide a short study on the effects of
molecule-positionathalf-filling.Westudy the systemswith
the distributions in each period grating centred about (a)
x = 0, (b) x = Λ∕4 and (c) x = Λ∕2, with (i) zero spread,
S = 0, and (ii) molecules spread over half of the grating,
S = Λ∕2, Schematics are given in Figure 6.

(a)

(b)

(c)

i

ii

i

ii

i

ii

Figure 6: Varying molecular positions at partial filling: Schematic
showing molecular distributions centred (in the first grating period)
about (a) C = mod[x,Λ] = 0 with spread (i) S = 0 and (ii) S = Λ∕2,
(b) C = Λ∕4 with spread (i) S = 0 and (ii) S = Λ∕2, and (c) C = Λ∕2
with spread (i) S = 0 and (ii) S = Λ∕2.

The dispersion relations for these systems are plotted
in Figure 7. The dispersion relations for the systems
in which the molecular distributions are centred about
(a) x = 0 and (c) x = Λ∕2 are unsurprisingly the same,
and possess the same symmetry with respect to the
grating. When the molecules are instead centred around
(b) x = Lambda∕4, the dispersion relation is not the same
as for C = 0 and C = Λ∕2. However, S = 0 still gives a
dispersion relation with four bands, and when S > 0 we
see five bands. The non-zero spread of the molecules is
thus the parameter driving the change in band number,
rather than e.g. breaking of mirror symmetry. The change
in the dispersion relation for C = 0 versus C = Λ∕4 is due
to the individual molecules seeing a different local electric
field when they are placed at different positions in relation
to the grating, and so the collective coupling strength of all
the molecules will be different, reflected in the magnitude
of the band splitting as seen in Figure 7.
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(a i) (b i) (c i)

(a ii) (b ii) (c ii)

Figure 7: Dependency of bands on position of molecules at partial filling: Dispersion relations for molecular distributions centred (in the first
grating period) about (a) C = mod[x,Λ] = 0 with spread (i) S = 0 and (ii) S = Λ∕2, (b) C = Λ∕4 with spread (i) S = 0 and (ii) S = Λ∕2, and (c)
C = Λ∕2 with spread (i) S = 0 and (ii) S = Λ∕2.
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